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PROBABILISTIC BEHAVIORS OF ELLIPTIC CURVES WITH TORSION POINTS
PETER J. CHO† AND KEUNYOUNG JEONG⋆
Abstract. We study probabilistic behaviors of elliptic curves with torsion points. First, we compute the proba-
bility for elliptic curves over the rationals with a non-trivial torsion subgroup G whose size ≤ 4 to satisfy a certain
local condition. We have a good interpretation of the probabilities we obtain, and for multiplicative reduction case,
we have a heuristic to explain the probability. Furthermore, for G = Z/2Z or Z/2Z × Z/2Z, we give an explicit
upper bound of the n-th moment of analytic ranks of elliptic curves with a torsion subgroup G for every positive
integer n, and show that the probability for elliptic curves with a torsion group G with a high analytic rank is
small under GRH for elliptic L-function. From the results we have obtained, we conjecture that the condition
of having the analytic rank 0 or 1 is independent of the condition of having the torsion subgroup G = Z/2Z or
Z/2Z × Z/2Z.
1. Introduction
For a rational elliptic curve with a rational N -torsion point for N ≥ 5, it is known that this elliptic curve has
semi-stable reduction at p not dividing N . It is remarkable that the property of having a torsion point of order
N ≥ 5 oppresses the occurrence of additive reduction at p for all primes p not dividing N . It is a very natural
question how the property of having a rational torsion point of order N < 5 affects a local property at p. To
discuss our results, we need the following set-up. In this paper when we say a torsion point of an elliptic curve,
it means a rational torsion point unless otherwise stated. Let
E(X) =
{
(A,B) ∈ Z2 : |A| ≤ X
1
3 , |B| ≤ X 12 , 4A3 + 27B2 6= 0,
if p4 divides A, then p6 does not divide B.
}
.
Then, an element (A,B) ∈ E(X) corresponds to a minimal elliptic curve EA,B : y2 = x3 + Ax + B. Let
LC ∈ {good,bad, split,non-split,mult, addi, ss, a} where a is an integer in [−2√p, 2√p]. We say that an elliptic
curve EA,B satisfies LC at p if the elliptic curve has the corresponding local property at p. For example, EA,B
satisfies ss at p if EA,B has semi-stable reduction at p, and a if EA,B has good reduction at p and ap(EA,B) = a.
Let ELCp (X) be the subset of E(X) such that EA,B satisfies a local condition LC at p, and EG(X) be the subset
of E(X) such that EA,B(Q)tor ∼= G. We also define ELCG,p(X) as the intersection of EG(X) and ELCp (X).
Then, we can rewrite the fact that an elliptic curve with a torsion point of order N ≥ 5 has semi-stable
reduction at p not dividing N as the identity below:
(1)
|EssZ/NZ,p(X)|
|EZ/NZ(X)|
= 1.
When N < 5, we have the following analogues for not only semi-stability but also other local properties.
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by the Ministry of Education(2019R1F1A1062599).
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Theorem 1.1 (Theorem 3.4). For a prime p ≥ 5, a local condition LC, and G one of Z/2Z,Z/3Z,Z/4Z, or
Z/2Z× Z/2Z, there are constants cG and dG, a function cG,LC(p) of p depending on G and LC, and a function
hG,LC(p,X) of p and X depending on G and LC such that
|ELCG,p(X)| =
cG
ζ( 12dG )
· cG,LC(p) · p
12
dG
p
12
dG − 1
·X
1
dG +O(hG,LC(p,X)).
When LC = a, then cG,a(p) = HG(a, p)/p2 where HG(a, p) is defined in (6). It has an explicit expression in
terms of Hurwitz class numbers when G = Z/2Z,Z/3Z, or Z/2Z× Z/2Z. See Corollary 4.5, 4.7, and 4.9.
The constant dG and other constants eG, e
′
G which will be used later are shown in the table below:
G ∗ Z/2Z Z/3Z Z/4Z Z/2Z × Z/2Z
dG 6/5 2 3 4 3
eG 2 3 4 6 6
e′G 3 6 12 12 6
where ∗ means no restriction on the torsion subgroup.
Let us do a probabilistic interpretation of Theorem 1.1. The value
lim
X→∞
|ELCG,p(X)|
|EG(X)|
can be understood as a conditional probability
P (E has LC at p|E satisfies E(Q)tor ∼= G).
We simply write it by P (A|B). Then the question P (A|B) = P (A) that is asking the conditions A and B are
independent, which is equivalent to the question
lim
X→∞
|ELCp (X)|
|E(X)| = limX→∞
|ELCG,p(X)|
|EG(X)| .
The probabilities on the LHS are computed in [CJ], and we collect them in the table below.
Local conditions limX→∞ |ELCp (X)|/|E(X)|
good p
2−p
p2
p10
p10−1
bad p
10−p
p11
p10
p10−1
mult p−1p2
p10
p10−1
split, non-split p−1
2p2
p10
p10−1
addi p
9−p
p11
p10
p10−1
ss p
2−1
p2
p10
p10−1
a (p−1)H(a
2−4p)
2p2
p10
p10−1
where H(·) is the Hurwitz class number. One may predict that the answer is negative by considering the
motivating example (1). Since
(2) |EG(X)| = cG
ζ(12/dG)
X
1
dG +O(X
1
eG )
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which is proved by [HS14, Theorem 5.6] for G = Z/2Z or Z/3Z and Corollary 2.3 for G = Z/4Z or Z/2Z×Z/2Z,
the probabilities on the RHS are
cG,LC(p) · p
12
dG
p
12
dG − 1
,(3)
hence we reach the conclusion:
Corollary 1.2. Let G be one of the group listed in Theorem 1.1. Then, the condition of having a torsion group
isomorphic to G is not independent of any local condition LC at p ≥ 5.
We note that a recent preprint by Cullinan, Kenney, and Voight [CKV] obtained (2) for all the possible torsion
subgroups.
We have a good understanding of the probability (3). We call the first component a weight factor, and the
second component a minimality factor. The minimality factor comes from the fact that every elliptic curve in
EG(X) satisfies the minimality condition at p. If we consider all elliptic curves EA,B with a torsion subgroup G,
the minimality factor is one. Hence, in some sense, the weight factor is the probability for a given local condition
LC. The key analysis is the computation of cG,LC , which leads to
Corollary 1.3. For a local condition LC ∈ {good,bad,mult, addi, ss} and a prime p ≥ 5, we have
cZ/2Z,LC(p) = cZ/3Z,LC(p) and cZ/4Z,LC(p) = cZ/2Z×Z/2Z,LC(p).
In particular, for LC = mult, we observe an interesting phenomenon.
Corollary 1.4. The ratio of cG,mult(p)’s for G = {e}, Z/2Z, Z/3Z, Z/4Z, and Z/2Z × Z/2Z is
1 : 2 : 2 : 3 : 3.
Even though our result is shown with an analytic method, there seems to exist a heuristic explanation by the
reduction of modular curves. This ratio is exactly the ratio of the number of cusps of X(1),X0(2),X0(3),X0(4)
and X(2). See Remark 1.
The following result is an analogue of the motivating example (1) for G one of the groups in Theorem 1.1.
Interestingly, the weight factor is the same regardless of the torsion condition.
Corollary 1.5. For G, one of the group listed in Theorem 1.1 and a prime p ≥ 5,
cG,ss(p) = 1− 1
p2
.
As we can see in the [CJ, Theorem 1.1], the number of elliptic curves with split and non-split reduction at p
are same for all primes p. When we consider elliptic curves with a torsion subgroup Z/3Z or Z/4Z, this property
no more holds.
Corollary 1.6. For G = Z/3Z and a prime p ≥ 5, we have
lim
X→∞
|EsplitZ/3Z,p(X)|
|EmultZ/3Z,p(X)|
=

1
2 when p ≡ 5, 11 (mod 12),
1 when p ≡ 1 (mod 12),
0 when p ≡ 7 (mod 12).
For G = Z/4Z and p ≥ 11, we have
lim
X→∞
|EsplitZ/4Z,p(X)|
|EmultZ/4Z,p(X)|
=

1
2 when p ≡ 7, 11 (mod 12),
5
6 when p ≡ 1 (mod 12),
1
6 when p ≡ 5 (mod 12).
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In [CJ, Theorem 1.6], we showed that the local conditions at different primes are independent. This indepen-
dent property still holds for elliptic curves with a torsion group G we consider.
Theorem 1.7 (Theorem 3.8). Let P = {pk} and S be a set of local conditions at pk with
∏
k pk ≪ X
1
eG
− 1
6 .
(For G = Z/2Z×Z/2Z or Z/4Z, this condition is replaced by ∏k pk ≪ X 112−ǫ or ∏k pk ≪ X 124−ǫ respectively.)
Then, we have
|ESG(X)| =
cG
ζ( 12dG )
|S|GX
1
dG +
O
(
(
∏
pk)X
1
eG
)
for G = Z/2Z,Z/3Z,
O
(
(
∏
pk)
2X
1
6
+ǫ
)
for G = Z/4Z,Z/2Z × Z/2Z.
We replace the exponents 1 and 2 of pk in the error term by 0 and 1 respectively when LC is mult, split, or
non-split. When LC is a in the Weil bound, pk and (pk)2 are replaced by HG(a, pk)/pk and HG(a, pk) respectively.
For the definition of |S|G, see (8) and Theorem 3.8. In probabilistic viewpoint, one can ask whether some
other global condition and a local condition are independent or not. It seems that a natural global condition is
dependent of a local condition. We give examples in Remark 3.
Lastly, we study the distribution of analytic ranks of elliptic curves in EG(X) as we did in [CJ]. For rank
applications, we assume that G = Z/2Z or Z/2Z× Z/2Z. For our applications, it is crucial to show that∑
a
HG(a, p) = p
2 +OG(p) and
∑
a
a2HG(a,G) = p
3 +O(p2),
for the groups G we consider. These identities can be verified from a careful observation of the Eichler-Selberg
trace formula for a suitable level corresponding to each G. We use the trace formulas in [Len11] and [KP18].
The first application shows that there are not many elliptic curves with high ranks in EG(X). Let rE denote
the analytic rank of an elliptic curve E. Let PG(rE ≥ a) denote the probability of elliptic curves with a torsion
group G such that rE ≥ a.
Theorem 1.8 (Theorem 4.15). Assume GRH for elliptic L-functions. Let C be a positive constant, let n a
positive integer. We have
P
(
rE ≥ (1 + C)
σ2n
)
≤
∑n
k=0
(2n
2k
) (
1
2
)2n−2k
(2k)!
(
1
6
)k(
C
σ2n
)2n ,
where σ2n =
1
18n and
1
30n for G = Z/2Z and G = Z/2Z × Z/2Z respectively. In particular, the probabilities
PZ/2Z(rE ≥ 23) and PZ/2Z×Z/2Z(rE ≥ 35) are at most 0.0234.
The second one is giving a bound of the n-th moment of analytic ranks of elliptic curves with a torsion group
G.
Theorem 1.9 (Theorem 4.14). Assume GRH for elliptic L-functions. Let rE be the analytic rank of an elliptic
curve E. For every positive integer n, we have
lim sup
X→∞
1
|EG(X)|
∑
E∈EG(X)
rnE ≤
∑
S
(
1
σn
)|Sc| ∑
S2⊂S
|S2|even
(
1
2
)|Sc
2
|
|S2|!
(
1
6
)|S2|/2
,
where S runs over subsets of {1, 2, 3, . . . , n}, and S2 runs over subsets of even cardinality of the set S. In
particular, the average analytic ranks of EZ/2Z is bounded by 9.5 and the average analytic ranks of EZ/2Z×Z/2Z is
bounded by 15.5.
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For G = Z/2Z, the average “algebraic” rank in [BH] is a way better than ours. However, for G = Z/2Z×Z/2Z,
our average analytic rank result seems new, even under the Birch and Swinnerton-Dyer conjecture.
Our results show that some global condition such as having a specific torsion group is not independent of a
local condition. A natural question to rise is whether two global conditions are independent or not with each
other. Some global conditions such as having CM, specific j-invariant or torsion subgroup, are not independent
with each other since these conditions can be translated into the algebraic relations on coefficients of the minimal
model. In this aspect, a rank condition is a candidate independent of other global conditions we mentioned above
since a rank condition is expected to be uncorrelated with the coefficients.
Under Katz and Sarnak’s one-level density conjecture for elliptic L-functions, the average analytic rank over
E(X) is 12 as X goes to infinity. The proof for Theorem 4.14 gives one-level density for EG(X) with a support
σ1 > 0. This means that we have a setting to apply Katz and Sarnak’s one-level density conjecture, by which the
average analytic rank for elliptic curves with a torsion group G = Z/2Z or Z/2Z × Z/2Z is 12 . This conjectural
observation gives an evidence that PG(rE = 0) = PG(rE = 1) =
1
2 for the two groups G and it motivates to
propose the following conjecture.
Conjecture 1. A rank condition rE = 0 or rE = 1 is independent with a torsion condition G = Z/2Z or
Z/2Z × Z/2Z in the following sense: for r = 0 or 1,
lim
X→∞
|ErE=r(X)|
|E(X)| = limX→∞
|EG,rE=r(X)|
|EG(X)| =
1
2
.
The main ideas of this paper come from [HS14, CJ]. In particular, from the former we learned how to estimate
the cardinality of EG(X). We organize this paper as follows: in Section 2, we compute the area of regions related
to EG(X) and weight WG,I . In Section 3, we give a proof of Theorem 1.1 - 1.7. The applications are proved in
Section 4.
2. Regions and Weights
In this section, we recall and prove some results of torsion subgroups of elliptic curves with Weierstrass
equation EA,B : y
2 = x3 + Ax + B for A,B ∈ Z. From now on, we ambiguously use G for {2, 3, 4, 2 × 2} and
the corresponding abelian groups,
Z/nZ, Z/2Z× Z/2Z
for n = 2, 3, 4. We define
(4)
f2(a, b) = a, g2(a, b) = b
3 +Ab,
f3(a, b) = 6ab+ 27a
4, g3(a, b) = b
2 − 27a6,
f4(a, b) = −3a2 + 6ab2 − 2b4, g4(a, b) = (2a− b2)(a2 + 2ab2 − b4),
f2×2(a, b) = −(a2 + 3b2)/4, g2×2(a, b) = (b3 − a2b)/4.
Lemma 2.1. Let E = EA,B : y
2 = x3 + Ax+ B be an elliptic curve with A,B ∈ Z and G be one of 2, 3, 4, or
2× 2. Then, E(Q) has a G as a subgroup if and only if A = fG(a, b) and B = gG(a, b) for some a, b ∈ Z.
For a finite field Fp for p ≥ 5, EA,B(Fp) has a G as a subgroup if and only if A = fG(a, b) and B = gG(a, b)
for some a, b ∈ Fp. Furthermore, for a cyclic G and a fixed I ∈ F2p, there is a bijection between the set{
(a, b) ∈ F2p : I = (fG(a, b), gG(a, b))
}
and the set of points of order G of EI(Fp).
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Proof. The first statement for the elliptic curve over Q cases is shown in [HS14, Lemma 5.1(a)] and [GT12].
Following their proofs, the same result for Fp also follows.
The proof of the last claim is contained in the proof of the second statement. For each point of order |G| in
EI , there is a 2-tuple (a, b) such that (fG(a, b), gG(a, b)) = I when G is cyclic.
1 Hence, it is enough to show that
the map from (a, b) to the points of order G is injective.
For example when G = 4, assume that (x1, w1) is a point of order 4. The computation of the first coordinate
of [3](x1, w1) = (x1,−w1) for w1 6= 0, we have
B =
1
4
(
5x31 −Ax1 ±
√
(3x21 − 2A)(A + 3x21)2
)
.
Hence, B is in Fp if and only if there exists x2 ∈ Fp such that 3x21 − 2A = x22. The computation of the second
coordinate gives that w21 = (3x1 − x2)(x2 + 3x1)2/8, so we have x2 6= 3x1 and there exists x3 ∈ F×p such that
x23 = (3x1 − x2)/2. By the change of variables a = x1 and b = x3, we have (A,B) = (f4(a, b), g4(a, b)) with
points of order 4, (a,±b(−b2+3a)). On the other hand, (a,±b(−b2+3a)) are points of order 4 of Ef4(a,b),g4(a,b).
We note that for I = (f4(a, b), g4(a, b)), the 2-tuple (a,−b) also corresponds to the same I but they induce the
two points of order 4, (a,±b(−b2 + 3a)). Other cases can be proved similarly. 
Now we define
R2(X) =
{
(a, b) ∈ R2 : |f2(a, b)| ≤ X
1
3 , |g2(a, b)| ≤ X
1
2
}
,
and for G = 3 (resp. 4) we add a condition a ≥ 0 (resp. b ≥ 0), so
R3(X) =
{
(a, b) ∈ R2 : |f3(a, b)| ≤ X
1
3 , |g3(a, b)| ≤ X
1
2 , a ≥ 0
}
and
R4(X) =
{
(a, b) ∈ R2 : |f4(a, b)| ≤ X
1
3 , |g4(a, b)| ≤ X
1
2 , b ≥ 0
}
.
For G = 2× 2,
R2×2(X) =
{
(a, b) ∈ R2 : |f2×2(a, b)| ≤ X 13 , |g2×2(a, b)| ≤ X 12 , b ≥ a3 , a ≥ 0
}
=
{
(a, b) ∈ R2 : |f2×2(a, b)| ≤ X 13 , b ≥ a3 , a ≥ 0
}
.
We recall the strategy of Harron and Snowden [HS14, §5] which gives the number of elliptic curves with a
torsion subgroup Z/2Z or Z/3Z. They consider a map
(fG, gG) : RG(X)→ DG(X)
where DG(X) =
{
(A,B) ∈ Z2 : (A,B) = (fG(a, b), gG(a, b)) for some a, b ∈ RG(X) ∩ Z2
}
. Note that they used
notations Ti and Ei for (fG, gG) and DG, respectively. To count the number of elliptic curve with a given torsion
subgroup and a local condition at p, we need to define RG,p,J(X) and DG,p,I(X) where I, J ∈ (Z/pZ)2 and study
the map
(fG, gG) : RG,p,J(X)→ DG,p,I(X).
Especially the conditions on a and b in the definition of RG(X) impose that the map (fG, gG) do not have an
unnecessary pre-images, as we will see in the proof of Lemma 3.1.
1We remark that the first equation of [GT12, p. 92] should be
(−z2, 0),
(
1
2
(z2 ±
√
z2
2
− 4z1), 0
)
; .
PROBABILISTIC BEHAVIORS OF ELLIPTIC CURVES WITH TORSION POINTS 7
Since we study RG,p,J instead of RG, it is important to study the mod p reduction of the map (fG, gG) to
compare the cardinality of RG,p,J(X) and DG,p,I(X). This leads us to the following definition.
Definition. For a prime p, and a pair I = (A,B) ∈ (Z/pZ)2, let WG,I be the number of pairs J = (a, b) ∈
(Z/pZ)2 satisfies A ≡ fG(a, b) and B ≡ gG(a, b) modulo p.
For a given I = (A,B), WG,I is morally a weight to determine the number of elliptic curves E with mod p
reduction EA,B and E(Q)tor ≥ G. By the definition of WG,I , the identity∑
I∈(Z/pZ)2
WG,I = p
2,
follows directly. Also, Lemma 2.1 gives that when EI is an elliptic curve over Fp,
W2,I =

3 EI(Fp)[2] = Z/2Z× Z/2Z,
1 EI(Fp)[2] = Z/2Z,
0 EI(Fp)[2] = 0,
W3,I =

8 EI(Fp)[3] = Z/3Z× Z/3Z,
2 EI(Fp)[3] = Z/3Z,
0 EI(Fp)[3] = 0,
and
W4,I =

12 EI(Fp)[4] = Z/4Z× Z/4Z,
4 EI(Fp)[4] = Z/4Z× Z/2Z,
2 EI(Fp)[4] = Z/4Z,
0 EI(Fp)[4] = 0.
For W2×2,I , we refer to Lemma 4.6.
In the rest of the section, we define RG,p,J(X) and compute the cardinality of RG,p,J(X) and the sums of
WG,I over I for which EI is the reduction of an elliptic curve with bad, split or non-split reduction at p.
Lemma 2.2. For G = 2, 3, 4 or 2 × 2, there is an absolute constant c′G such that the number of integer points
in RG(X) is
c′GX
1
dG +O(X
1
eG ).
Proof. We note that [HS14, Lemma 5.2] proves this lemma for G = 2, 3.Since f4(a, b) = X
1
3 , g4(a, b) = X
1
2 are
equivalent to f4(a/X
1
6 , b/X
1
12 ) = 1, g4(a/X
1
6 , b/X
1
12 ) = 1, by change of variables we have
Area(R4(X)) = X
1
4Area(R4(1)).
We can do the same thing for G = 2 × 2. Then, the claim follows from the Principle of Lipschitz, [HS14,
(5.3)]. 
To ease the notations, we define cG = c
′
G for G = 2, 3, 4 and cG = c
′
G/2 for G = 2 × 2. We also note that
without considering mod p conditions, Lemma 2.2 and Möbious inversion argument gives the following corollary,
which is a complement of [HS14, Theorem 5.6].
Corollary 2.3.
|EZ/2Z×Z/2Z(X)| =
c2×2
ζ(4)
X
1
3 +O(X
1
6 ), |EZ/4Z(X)| =
c4
ζ(3)
X
1
4 +O(X
1
6 ).
For a prime p, a pair J := (a, b) ∈ (Z/pZ)2, and G = 2, 3, 4, let
RG,p,J(X) =
{
(a, b) ∈ Z2 : (a, b) ≡ (a, b) (mod p)} ∩RG(X),
and
R2×2,p,J(X) =
{
(a, b) ∈ Z2 : (a, b) ≡ (a, b) (mod p), a+ b ≡ 0 (mod 2)} ∩R2×2(X).
This corollary follows immediately by the Principle of Lipschitz.
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Corollary 2.4. For a prime p and J an element in (Z/pZ)2, we have
|RG,p,J(X)| =
 cGp−2X
1
dG +O(p−1X
1
eG ) if p≪ X
1
e′
G ,
cGp
−2X
1
dG +O(1 + p−1X
1
eG ) if p≫ X
1
e′
G .
Proposition 2.5. For a prime p ≥ 5 and a non-zero I = (A,B) ∈ (Z/pZ)2, a curve EA,B is singular over Fp
if and only if W2,I = 2. Therefore,∑
4A
3
+27B
2 6≡0
W2,I = (p − 1)2 and
∑
α=a2∈(Z/pZ)×
W2,(−3α2,2α3) = p− 1.
Proof. Every pair (A,B) ∈ (Z/pZ)2 that satisfies 4A3+27B2 ≡ 0 (mod p) can be represented by (−3α2,±2α3)
for some α ∈ Z/pZ. An equation x3 − 3α2x± 2α3 is decomposed by (x∓ α)2(x± 2α) over Z/pZ, so if EA,B is
singular than W2,(A,B) = 2. Conversely, let W2,(A,B) = 2. It is equivalent to that the equation x
3 + Ax − B in
Fp[x] has two zeros in Fp. By comparing x
3+Ax−B = (x− t)2(x−s) for t, s ∈ Fp we have 4A3+27B2 ≡ 0. 
Proposition 2.6. For a prime p ≥ 5 and I = (A,B) ∈ (Z/pZ)2, we have∑
4A
3
+27B
2 6≡0
W3,I = (p − 1)2,
and
∑
α=a2∈(Z/pZ)×
W3,(−3α2,2α3) =

2(p − 1) for p ≡ 1 mod 12,
(p− 1) for p ≡ 5 or 11 mod 12,
0 for p ≡ 7 mod 12.
Proof. We parametrize (A,B) satisfying 4A
3
+ 27B
2 ≡ 0 by (−3α2, 2α3) for α ∈ Z/pZ. Directly solving the
equations (f3(a, b), g3(a, b)) = (A,B), we know that W3,(A,B) is equal to the number of solutions of polynomial
f(x) = fA,B(x) = 3
5 · x8 + 2 · 33 ·A · x4 + 22 · 32 · B · x2 −A2,
when A 6≡ 0. We note that the number of solutions of f and that of the division polynomial ψ3 are same. Since
f−3α2,2α3(x) is factored into
35
(
x2 − α
3
)3 (
x2 + α
)
,
the number of distinct zeros of f−3α2,2α3(x) is 4 if −α and α/3 are both quadratic residues modulo p, 2 if either
−α or α/3 is a quadratic residue, and 0 if neither −α nor α/3 is a quadratic residue. From this observation, it
is easy to see that the sum of distinct zeros of f−3α2,2α3(x) over α ∈ Z/pZ is 2(p− 1)+1 = 2p− 1. Furthermore,
if −1 and 3 are quadratic residue which is equivalent to p ≡ 1 (mod 12), then the sum of W3,(−3α2,2α3) over
quadratic residues α in Z/pZ is equal to the sum of W3,(−3α2,2α3) over all non-zero residues α in Z/pZ. 
By the similar way, we have analogous results for G = 4 and 2× 2.
Proposition 2.7. For p ≥ 5 and I = (A,B) ∈ (Z/pZ)2, we have∑
4A
3
+27B
2 6≡0
W4,I = p
2 − 3p+ 2.
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Furthermore, we have for p ≥ 11.
∑
α=a2∈(Z/pZ)×
W4,(−3α2,2α3) =

5(p−1)
2 for p ≡ 1 mod 12,
(p−1)
2 for p ≡ 5 mod 12,
3(p−1)
2 for p ≡ 7 or 11 mod 12.
and (p− 1)/2 for p = 5, 7.
Proposition 2.8. For p ≥ 5 and I = (A,B) ∈ (Z/pZ)2, we have∑
4A
3
+27B
2 6≡0
W2×2,I = p2 − 3p+ 2,
and ∑
α=a2∈(Z/pZ)×
W2×2,I =
3(p− 1)
2
.
We also note that WG,(0,0) = 1 and WG,I is bounded for each G and I we consider.
3. Counting elliptic curves with torsion points and local conditions
3.1. Counting elliptic curves with a local condition. Let I = (A,B) a 2-tuple with A,B in Z/pZ. We
define
DG,p,I(X) :=
{
(A,B) ∈ Z2 : |A| ≤ X
1
3 , |B| ≤ X 12 , (A,B) ≡ (A,B) (mod p),
(A,B) = (fG(a, b), gG(a, b)) for (a, b) ∈ Z2
}
,
and MG,p,I(X) be the subset of DG,p,I(X) consisting of (A,B) such that if q4 | A then q6 ∤ B for all primes
q. Also, we define E ′G,p,I(X) as the subset of MG,p,I(X) such that 4A3 + 27B2 6= 0, and SG,p,I(X) be the
complement of E ′G,p,I(X) consisting of singular curves.
We note that for (A,B) ∈ E ′G,p,I(X), the elliptic curve E = EA,B satisfies E(Q)tor ≥ G, and equality does not
hold in general. We define EG,p,I(X) ⊂ E ′G,p,I(X) as the set of (A,B) such that the torsion subgroup of EA,B(Q)
is exactly G. We consider the following map
(5) RG,p,J(X)→ DG,p,I(X), (a, b)→ (fG(a, b), gG(a, b)).
Lemma 3.1. For I = (A,B),
|DG,p,I(X)| = WG,I |RG,p,J(X)| +O (hG(X))
where J = (a, b) such that (fG(a, b), gG(a, b)) ≡ (A,B) (mod p) and
hG(X) =

|E ′Z/2Z×Z/2Z,p,I(X)| + p−1X
1
6 if G = 2,
p−1X
1
4 + p−1X
1
6 if G = 3,
p−1X
1
6 if G = 4, 2 × 2.
Proof. For a fixed I = (A,B), there are WG,I 2-tuples J = (a, b) such that (fG(a, b), gG(a, b)) ≡ (A,B) (mod p).
Let {J} be the set of such 2-tuples. Then, we have the surjective map⊔
J∈{J}
RG,p,J(X)→ DG,p,I(X)
given by (a, b)→ (A,B) = (fG(a, b), gG(a, b)).
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Let hG,I(X) be the number of the 2-tuples (A,B) for which its pre-image is not a singleton. Since the number
of solutions of a system of equations
fG(a, b) = A and gG(a, b) = B
is less than or equal to deg fG · deg gG by Bezout’s theorem, we have
|DG,p,I(X)| = WG,I |RG,p,J(X)| +O (hG,I(X)) .
We may assume that 4A3+27B2 6= 0, by adding O(X 16/p) which is an upper bound of number of pairs (A,B)
satisfying 4A3 + 27B2 = 0, (A,B) ≡ I (mod p) to the error term.
The cases G = 2, 3 are essentially treated in [HS14, Lemma 5.5]. For G = 4, assume that there are (a, b) 6=
(a′, b′) such that
(−3a2 + 6ab2 − 2b4, (2a − b2)(a2 + 2ab2 − b4)) = (−3a′2 + 6a′b′2 − 2b′4, (2a′ − b′2)(a′2 + 2a′b′2 − b′4)).
In the proof of Lemma 2.1, an elliptic curve Ef4(a,b),g4(a,b) have a 4-torsion point (a, b(−b2 + 3a)). Since an
elliptic curve over rational numbers does not have Z/4Z × Z/4Z as a subgroup, (a, b) and (a′, b′) also satisfy
(a, b(−b2 + 3a)) = (a′,±b′(−b′2 + 3a′))
We have a = a′. The first relation reduced to 3a = b2+ b′2, hence the fourth condition is reduced to bb′ = 0. We
may assume that b′ = 0, then we have 3a = b2. Then, the 4-torsion point (a, b(−b2 + 3a)) is a 2-torsion point,
which is a contradiction.
Let G = 2× 2. By a similar argument, we need to count (A,B) such that
(A,B) =
(
−a
2 + 3b2
4
,
b3 − ba2
4
)
=
(
−a
′2 + 3b′2
4
,
b′3 − b′a′2
4
)
,
and {
a+ b
2
,
b− a
2
,−b
}
=
{
a′ + b′
2
,
b′ − a′
2
,−b′
}
.
We note that since A and B are integers, a and b should have the same parity. The second equation gives the
second equality on the first equation, and it holds if and only if one of the following six linear systems
a+ b = a′ + b′
b− a = b′ − a′
−b = −b′

a+ b = b′ − a′
b− a = a′ + b′
−b = −b′

a+ b = −2b′
b− a = b′ − a′
−2b = a′ + b′
a+ b = −2b′
b− a = a′ + b′
−2b = b′ − a′

a+ b = a′ + b′
b− a = −2b′
−2b = b′ − a′

a+ b = b′ − a′
b− a = −2b′
−2b = a′ + b′
holds. These are equivalent to (
a′
b′
)
= Ai
(
a
b
)
,
for A0 = I, and
A1 =
(
−1 0
0 1
)
, A2 =
(
1
2 −32
−12 −12
)
, A3 =
(
−12 32
−12 −12
)
, A4 =
(
1
2
3
2
1
2 −12
)
, A5 =
(
−12 −32
1
2 −12
)
.
Consequently, for (a, b) satisfying a ≡ b (mod 2), the (not necessarily distinct) six points
(a, b), (−a, b),
(
a− 3b
2
,
−a− b
2
)
,
(−a+ 3b
2
,
−a− b
2
)
,
(
a+ 3b
2
,
a− b
2
)
, and
(−a− 3b
2
,
a− b
2
)
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corresponds to the same (A,B). We find a domain where the representatives for the above (not necessarily
distinct) six points. We claim that the following set
X =
{
(a, b) ∈ Z× Z : a ≥ 0, b ≥ a
3
, a ≡ b mod 2
}
is the collection of all the representatives of the above (not necessarily distinct) six points. This claim is a
consequence of the following observation, which is easy to show,
A1X =
{
(a, b) ∈ Z× Z : a ≤ 0, b ≥ a
3
, a ≡ b mod 2
}
,
A2X =
{
(a, b) ∈ Z× Z : a ≤ 0, b ≤ a
3
, a ≡ b mod 2
}
,
A3X =
{
(a, b) ∈ Z× Z : a ≥ 0, b ≤ −a
3
, a ≡ b mod 2
}
,
A4X =
{
(a, b) ∈ Z× Z : a ≥ 0,−a
3
≤ b ≤ a
3
, a ≡ b mod 2
}
,
A5X =
{
(a, b) ∈ Z× Z : a ≤ 0, a
3
≤ b ≤ −a
3
, a ≡ b mod 2
}
.
Also, we can see that the point (0, 2b), b > 0 on the y-axis is a representative for the four points
(0, 2b), (−3b,−b), (3b, b), and (3b,−b),
and the point (3a, a), a > 0 on the line y = x3 is a representative for the three points
(3a, a), (0,−2a), and (−3a, a).
Hence there are no two pairs that go to the same (A,B), except when 4A3 + 27B2 = 0. 
For a pair (A,B) of integers or elements of Z/pZ and an integer d, we define an operation ∗ by d ∗ (A,B) =
(d4A, d6B).
Proposition 3.2. For a non-zero 2-tuple I = (A,B) ∈ (Z/pZ)2,
|MG,p,I(X)| =
∑
d≤X 112
p∤d
µ(d)|DG,p,d−1∗I(d−12X)|,
and
|SG,p,I(X)| ≪ 1
p
X
1
6 .
Proof. Let (A,B) ∈ DG,p,I(X) and d be the maximum of d′ satisfying d′4 | A and d′6 | B. Since I is non-zero,
p ∤ d. By (4), the definition of fG and gG, one can easily check that there are positive integers na and nb
satisfying
1
d4
fG(a, b) = fG(
a
dna
,
b
dnb
),
1
d6
gG(a, b) = gG(
a
dna
,
b
dnb
),
for given G. Hence if (A,B) = (fG(a, b), gG(a, b)) for some a, b ∈ Z, then
d−1 ∗ (A,B) = (fG( a
dna
,
b
dnb
), gG(
a
dna
,
b
dnb
)),
is an element of MG,p,d−1∗I(d−12X) and there is a bijection
(A,B)→ d−1 ∗ (A,B), DG,p,I(X)→
⊔
d≤X 112
p∤d
MG,p,d−1∗I(d−12X).
Using a Möbius inversion argument, the first equality follows.
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The estimate of the error term is directly deduced by |SG,p,I(X)| ≤ |Sp,I(X)| where
Sp,I(X) :=
{
(A,B) ∈ Z2 : |A| ≤ X 13 , |B| ≤ X 12 , 4A3 + 27B2 = 0, (A,B) ≡ I (mod p)
}
.
We know that |Sp,I(X)| ≤ (4X 16 )/p. 
Proposition 3.3. For a non-zero 2-tuple I = (A,B) ∈ (Z/pZ)2 and ǫ > 0 we have
|EG,p,I(X)| = cG
ζ( 12dG )
WG,I
p2
p
12
dG
p
12
dG − 1
X
1
dG +O(p−1X
1
eG +X
1
6
+ǫ).
For I = (0, 0), we have
|EG,p,(0,0)(X)| =
cG
ζ( 12dG )
(
1
p2
− 1
p
12
dG
)
p
12
dG
p
12
dG − 1
X
1
dG +O(pX
1
eG + p2X
1
6
+ǫ).
Proof. For d not divisible by p, we note that WG,d−1∗I = WG,I for all p ∤ d. For a while, we assume that
G 6= Z/2Z. Then,
|E ′G,p,I(X)| = |MG,p,I(X)| +O(SG,p,I(X)) =
∑
d≤X 112
p∤d
µ(d)|DG,p,d−1∗I(
X
d12
)|+O
(
X
1
6
p
)
=
∑
d≤X 112
p∤d
µ(d)
(
WG,d−1∗I |RG,p,J(
X
d12
)|+O
(
hG(
X
d12
)
))
+O
(
X
1
6
p
)
= WG,I
∑
d≤X 112
p∤d
µ(d)|RG,p,J( X
d12
)|+O (hG(X)) ,
by Lemma 3.1. Here we also used that |RG,p,J(X)| does not depend on J . Using Corollary 2.4, the sum is
=
WG,I
p2
∑
d≤X 112
p∤d
µ(d)
(
cG
X
1
dG
d
12
dG
+O
(
pX
1
eG
d
12
eG
+ p2
))
+O (hG(X))
=
cGWG,I
p2
X
1
dG
∞∑
d=1
p∤d
µ(d)
d
12
dG
+O
WG,IX 1dG
p2
∑
d≥X 112
1
d
12
dG
+
X
1
eG
p
+WG,IX
1
12 + hG(X)

=
cGWG,I
p2
X
1
dG
∞∑
d=1
p∤d
µ(d)
d
12
dG
+O
(
X
1
eG
p
+WG,IX
1
12 + hG(X)
)
= cG
WG,I
ζ( 12dG )
1
p2
p
12
dG
p
12
dG − 1
X
1
dG +O
(
X
1
eG
p
+WG,IX
1
12
)
.
From the size of |E ′Z/2Z×Z/2Z,p,I(X)|, we have
hZ/2Z(X)≪
X
1
3
p2
+
X
1
6
p
+X
1
12 .
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With this hZ/2Z(X), for G = Z/2Z, we have
|E ′G,p,I(X)| = cG
WG,I
ζ( 12dG )
1
p2
p
12
dG
p
12
dG − 1
X
1
dG +O
(
X
1
eG
p
+X
1
12
)
,
By [HS14, Theorem 1.2] and above computation for G = 4, 2 × 2, we have
|E ′Z/2Z,p,I(X)| − |EZ/2Z,p,I(X)| ≪ |E ′Z/2Z×Z/2Z,p,I(X)| + |E ′Z/4Z,p,I(X)|+X
1
6
+ǫ
≪ X
1
3
p2
+
X
1
6
p
+X
1
6
+ǫ.
Hence the conclusion follows for G = 2. For the other G’s, we have
|E ′Z/3Z,p,I(X)| − |EZ/3Z,p,I(X)| ≪ |EZ/6Z(X)| ≪ X
1
6
+ǫ,
and
|E ′G,p,I(X)| − |EG,p,I(X)| ≪ |EZ/2Z×Z/4Z(X)| ≪ X
1
6
+ǫ,
for G = 4 and 2× 2.
By [HS14, Theorem 5.6] and Corollary 2.3,
EG(X) = cG
ζ( 12dG )
X
1
dG +O(X
1
eG ).
Therefore the main term of
EG,p,(0,0)(X) = |EG(X)| −
∑
I 6=(0,0)
|EG,p,I(X)|
is
cG
ζ( 12dG )
X
1
dG −
∑
I 6=(0,0)
cG
ζ( 12dG )
WG,I
p2
p
12
dG
p
12
dG − 1
X
1
dG =
cG
ζ( 12dG )
X
1
dG
(
p
12
dG − 1
p
12
dG
−
∑
I 6=(0,0)WG,I
p2
)
p
12
dG
p
12
dG − 1
=
cG
ζ( 12dG )
X
1
dG
(
1
p2
− 1
p
12
dG
)
p
12
dG
p
12
dG − 1
.
This gives the main term, and the error term is easily checked. 
Definition. We define
(6) HG(a, p) :=
∑
ap(EA,B)=a
4A
3
+27B
2 6≡0 (mod p)
WG,(A,B).
The properties of HG(a, p) will be stated in Section 4.1.
Theorem 3.4. For a prime p ≥ 5, a local condition LC, and a G = 2, 3, 4, 2 × 2,
|ELCG,p(X)| =
cG
ζ( 12dG )
· cG,LC(p) · p
12
dG
p
12
dG − 1
X
1
dG +O(hG,LC(p,X))
14 PETER CHO AND KEUNYOUNG JEONG
where cG,LC(p) is
2 3 4 2× 2
good (p− 1)2/p2 (p − 1)2/p2 (p− 1)(p − 2)/p2 (p − 1)(p − 2)/p2
mult (2p − 2)/p2 (2p − 2)/p2 (3p − 3)/p2 (3p − 3)/p2
addi 1/p2 − 1/p6 1/p2 − 1/p4 1/p2 − 1/p3 1/p2 − 1/p4
a H2(a, p)/p
2 H3(a, p)/p
2 H4(a, p)/p
2 H2×2(a, p)/p2
and c2,split(p) = (p − 1)/p2, c2×2,split(p) = (3p− 3)/2p2, and
c3,split(p) =

2(p − 1)/p2 for p ≡ 1 mod 12,
(p− 1)/p2 for p ≡ 5 or 11 mod 12,
0 for p ≡ 7 mod 12,
and
c4,split(p) =

5(p− 1)/2p2 for p ≡ 1 mod 12,
(p− 1)/2p2 for p ≡ 5 mod 12 or p = 5 or 7,
3(p− 1)/2p2 for p ≡ 7 or 11 mod 12.
Finally for ǫ > 0, the function hG,LC(p,X) is
hG,LC(p,X)
good/bad pX
1
eG + p2X
1
6
+ǫ
mult X
1
eG + pX
1
6
+ǫ
split X
1
eG + pX
1
6
+ǫ
addi pX
1
eG + p2X
1
6
+ǫ
a HG(a, p)(p
−1X
1
eG +X
1
6
+ǫ)
Proof. For G = 3, 4, 2 × 2, by Proposition 3.3
|EgoodG,p (X)| =
∑
I=(A,B)
4A
3
+27B
2 6≡0
|EG,p,I(X)|
=
∑
I=(A,B)
4A
3
+27B
2 6≡0
cG
ζ( 12dG )
WG,I
p2
p
12
dG
p
12
dG − 1
X
1
dG +O
(
p(p− 1)
(
X
1
eG
p
+X
1
6
+ǫ
))
.
By Propositions 2.5, 2.6, 2.7, 2.8, we have∑
I=(A,B)
4A
3
+27B
2 6≡0
W2,I =
∑
I=(A,B)
4A
3
+27B
2 6≡0
W3,I = (p − 1)2,
∑
I=(A,B)
4A
3
+27B
2 6≡0
W4,I =
∑
I=(A,B)
4A
3
+27B
2 6≡0
W2×2,I = (p− 1)(p − 2).
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This proves good reduction cases. For multiplicative reduction cases,
|EmultG,p (X)| =
∑
I=(A,B)
4A
3
+27B
2≡0
|EG,p,I(X)|
=
∑
I=(A,B)
4A
3
+27B
2≡0
cG
ζ( 12dG )
WG,I
p2
p
12
dG
p
12
dG − 1
X
1
dG +O
(
(p − 1)
(
X
1
eG
p
+X
1
6
+ǫ
))
.
Hence Proposition 2.5, 2.6, 2.7, and 2.8 give the results. The other cases can be shown similarly. 
We note that Corollaries 1.3 to 1.6 follow from Theorem 3.4 and Propositions 2.5 to 2.8.
Remark 1. For a prime p ∤ N , there is a reduction map of X0(N) to X0(N)/Fp . An enhanced elliptic curve that
corresponds to a rational point of X0(N) has bad reduction at p if and only if its image under the reduction
map is the same with the image of a cusp. When N divides 8m for a square-free m and p is sufficiently large,
every cusp of X0(N) is rational and the images of the cusps under the reduction map do not overlap.
Assume that the genus of X0(N) is zero. If we heuristically believe that the pre-images of Fp-points are
equidistributed in the set of the rational points of X0(N), then the probability for a rational point of X0(N) to
have bad reduction at p is proportional to the number of cusps of X0(N). This heuristic argument describes the
machinery working behind Corollary 1.4.
We also remark that this machinery matches up with our result up to O(1/p2). We cannot differentiate
additive reduction from bad reduction by this heuristic. We note that the probability for additive reduction at
p in EG is 1/p2 +O(1/peG).
Remark 2. At this moment, it is worthy to explain why we consider only the cases G = 2, 3, 4, or 2× 2. In the
proof of Proposition 3.3, our estimate on error terms is available on the constraint dG < 12. Hence, G is one of
G = Z/nZ, Z/2Z× Z/2Z, Z/2Z× Z/4Z,
for 2 ≤ n ≤ 6. When n = 5, we cannot use the Principle of Lipschitz since the R5(X) is not a planar region.
The left two cases can be treated by the intersection of other cases, like EZ/6Z(X) = EZ/2Z(X)∩EZ/3Z(X). When
we take an intersection, then dG becomes bigger, but eG is unchanged. Hence the ideas for Proposition 3.3 seem
not to work well.
3.2. Counting elliptic curves with finitely many local conditions. We introduce some notations first.
Let P = {pk}k be a finite set of primes such that pk ≥ 5, and I = IP be a finite set of 2-tuples
{
(Ak, Bk)
}
for
Ak, Bk ∈ Z/pkZ such that (Ak, Bk) 6= (0, 0). We define an operation
d ∗ I = {(d4Ak, d6Bk)}k ,
and
DG,P,I(X) =
{
(A,B) ∈ Z2 : |A| ≤ X
1
3 , |B| ≤ X 12 , (A,B) ≡ (Ak, Bk) (mod pk),
(A,B) = (fG(a, b), gG(a, b)) for (a, b) ∈ Z2
}
.
As in Section 3.1, we define analogously MG,P,I(X), E ′G,P,I(X), SG,P,I(X), and EG,P,I(X).
For P = {pk} and J = JP that is a set of pairs (ak, bk) ∈ (Z/pkZ)2, let
RG,P,J (X) =
{
(a, b) ∈ Z2 : (a, b) ≡ (ak, bk) (mod pk)
} ∩RG(X).
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Then, we have by the Principle of Lipschitz,
(7) |RG,P,J (X)| = cG∏
p2k
X
1
dG +O
(
1 +
(
X
1
eG∏
pk
))
.
Lemma 3.5. For P = {pk} and I =
{
(Ak, Bk)
}
k
,
|DG,P,I(X)| =
∑
J
|RG,P,J (X)| +O(WIX
1
eG ) = WI |RG,P,J (X)| +O(hG,P (X)),
where the sum is taken over J = {(ak, bk)}k satisfying Ak ≡ fG(ak, bk) and Bk ≡ gG(ak, bk) modulo pk for all
pk ∈ P , WI =
∏
kWIk for Ik = (Ak, Bk) and
hG,P (X) =

|E ′Z/2Z×Z/2Z,P,I(X)| +
∏
k p
−1
k X
1
6 if G = 2,∏
k p
−1
k X
1
4 +
∏
k p
−1
k X
1
6 if G = 3,∏
k p
−1
k X
1
6 if G = 4, 2× 2.
Proof. By definition, WIk is the number of (ak, bk) ∈ (Z/pkZ)2 such that Ak = fG(ak, bk) and Bk = gG(ak, bk).
By CRT, the number of possible choices of J , in other words, the number of {(ak, bk)}k satisfyingAk = fG(ak, bk)
and Bk = gG(ak, bk) for all k is
∏
kWIk . The other part of the proof is same with that of Lemma 3.1. 
Proposition 3.6. Let P = {pk} and I = {(αk, βk)} be a finite set of non-zero 2-tuples of Z/pkZ. Then,
|MG,P,I(X)| =
∑
d≤X 112
pk∤d
µ(d)|DG,P,d−1∗I(d−12X)|,
and
|SG,P,I(X)| ≪ X
1
6∏
k pk
.
Proof. The proof is similar with that of Proposition 3.2. By definition of ∗, we can define a map
DG,P,I(X)→
⊔
d≤X 112
pk∤d
MG,P,d−1∗I(d−12X)
as (A,B)→ d−1 ∗ (A,B), where d is the maximum of d′ satisfying d′4 | A and d′6 | B. Using Möbius inversion,
we have the first one. The estimate of SG,P,I(X) is given by the set
SP,I(X) =
{
(A,B) ∈ Z2 : |A| ≤ X 13 , |B| ≤ X 12 , 4A3 + 27B2 = 0, (A,B) ≡ (Ak, Bk) (mod pk)
}
,
which satisfies |SP,I(X)| ≪ X 16 /
∏
pk. 
Proposition 3.7. For P = {pk} and I =
{
(Ak, Bk)
}
, 2-tuples of Z/pkZ such that (Ak, Bk) 6≡ (0, 0) for all k,
we have
|EG,P,I(X)| = cG
ζ( 12dG )
WG,I
∏
k
 1
p2k
p
12
dG
k
p
12
dG
k − 1
X 1dG +O(∏ p−1k X 1eG +X 16+ǫ).
Proof. The proof is same with that of Proposition 3.3 with a modification by Lemma 3.5 and Proposition 3.6. 
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We will denote S = (LCpi) as a finite set of local conditions LCpi . When an elliptic curve has the local
property corresponding to LCpi at pi for all local conditions in S, we say that E satisfies S. Let
ESG(X) = {(A,B) ∈ EG(X) : EA,B satisfies S} ,
and
(8) |LCp|G := lim
X→∞
|ELCpG,p (X)|
|EG(X)| , |S|G =
∏
i
|LCpi |G.
Now we address that the local conditions under the torsion restriction are also independent.
Theorem 3.8. Let P = {pk} and S be a set of local conditions at pk with
∏
k pk ≪ X
1
eG
− 1
6
−ǫ
. (For G = 2×2, 4,
this condition is replaced by
∏
k pk ≪ X
1
12
−ǫ and
∏
k pk ≪ X
1
24
−ǫ respectively.) Then, we have
|ESG(X)| =
cG
ζ( 12dG )
|S|GX
1
dG +
O
(
(
∏
pk)X
1
eG
)
for G = 2, 3,
O
(
(
∏
pk)
2X
1
6
+ǫ
)
for G = 2× 2, 4.
We replace the exponents 1 and 2 of pk in the error term by 0 and 1 respectively when LC is multi, split, or
non-split. When LC is a in the Weil bound, pk and p2k are replaced by HG(a, pk)/pk and HG(a, pk) respectively.
Proof. The proof is similar with that of [CJ, Theorem 1.4], with the modifications made in this section. We first
assume that there are no bad and additive conditions in S. In the proof of Theorem 3.4, for a fixed k there is a
set of pairs Sk := {(αt,k, βt,k)}t for αt,k, βt,k ∈ Z/pkZ such that EA,B satisfies a local condition at pk if and only
if (A,B) modulo pk is in Sk. Furthermore,
∑
Ik∈Sk
WG,Ik = |LCpk |G
p 12dGk − 1
p
12
dG
k
 p2k.
Therefore,
|ESG(X)| =
∑
I
|EG,P,I(X)|
where the sum is taken over I whose k-component is in Sk.
By Proposition 3.7,
∑
I
|EG,P,I(X)| = cG
ζ( 12dG )
(∑
I
WG,I
)∏
k
p
12
dG
k
p2k(p
12
dG
k − 1)
X
1
dG +O
(
(
∑
I
1)(
X
1
eG∏
pk
+X
1
6
+ǫ)
)
.
Then, we obtain
∑
I
WG,I =
∑
I
∏
k
WG,Ik =
∏
k
∑
Ik∈Sk
WG,Ik =
∏
k
|LCpk |G
p 12dGk − 1
p
12
dG
k
 p2k,
which implies
|ESG(X)| =
cG
ζ( 12dG )
|S|GX
1
dG +O
(
(
∑
I
1)(
X
1
eG∏
pk
+X
1
6
+ǫ)
)
.
Since ∑
I
1 =
∏
k
|Sk| ≤
∏
k
p2k,
the error term is bounded by O(
∏
k pkX
1
eG +
∏
k p
2
kX
1
6
+ǫ).
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We use an induction on the number of LCp’s that are bad. For simplicity we assume that G 6= 2 × 2, 4. Let
S = (LCpi) such that LCpn is bad and all the other conditions are one of good, mult, split, non-split, or an a in
the Weil bound, S ′ be the unique set of local conditions such that S = S ′ ∪ LCpn , and LC′pn be a good at pn.
Then, we have
|ES
′∪LC′pn
G (X)| =
cG
ζ( 12dG )
|S ′|G|LC′pn |GX
1
dG +O
(
pn
∏
S′
|Sk|X
1
eG
pk
)
,
and
|ES′G (X)| =
cG
ζ( 12dG )
|S ′|GX
1
dG +O
(∏
S′
|Sk|X
1
eG
pk
)
.
From |ESZ/2Z(X)| = |ES
′
Z/2Z(X)|− |E
S′∪LC′pn
Z/2Z (X)|, we have the conclusion for S containing the local condition bad.
Since the local condition addi is the complement of the local conditions good and mult, the same induction
argument holds for S containing the local condition addi. 
Remark 3. We give some other global conditions that are dependent of local conditions. Let ECM(X) be a set of
pairs (A,B) such that |A| ≤ X 13 , |B| ≤ X 12 and EA,B is an elliptic curve with complex multiplication and define
ELCCM,p(X) similarly. We can also define a local condition T for Kodaira–Néron type. Since an elliptic curve with
complex multiplication has potential good reduction at every prime, we have
|EmultCM,p(X)|
|ECM(X)| = 0,
|E I∗mCM,p(X)|
|ECM(X)| = 0
for all m ≥ 0. We note that [CJ, Theorem 1.3] gives that
lim
X→∞
|E I∗mp (X)|
|E(X)| =
1
pm+5
(
1− 1
p
)2 p10
p10 − 1 .
Hence the CM-condition is dependent of the local conditions mult and I∗m for all m ≥ 0.
For a specific j, one can compute the probability that satisfies a local condition at a prime p ≥ 5. The
computation is routine, and for example, we have
|Ej=1728,p,(A,0)(X)| =
1
p
p4
p4 − 1
2
ζ(4)
X
1
3 +O
(
X
1
6
p
)
, |Ej=1728,p,(0,0)(X)| =
p3 − 1
p4 − 1
2
ζ(4)
X
1
3 +O
(
X
1
6
p
)
where A 6≡ 0. Hence, we have
lim
X→∞
|Egoodj=1728,p(X)|
|Ej=1728(X)| =
p− 1
p
p4
p4 − 1 , limX→∞
|Eaddij=1728,p(X)|
|Ej=1728(X)| =
p3 − 1
p4 − 1 .
Roughly speaking, the probability for multiplicative reduction moves to additive reduction.
4. Class numbers and analytic ranks of elliptic curves
4.1. Properties of HG(a, p). In this section, we focus on computing
(9)
∑
|a|≤2√p
a2RHG(a, p).
This is a HG(a, p)-analogue of [Bir68]. The ingredients are the results of [Sch87] which computes the number of
elliptic curves over finite fields with a given trace of the Frobenius automorphism and a torsion structure, and
the Eichler–Selberg trace formula for Γ0(N). For G = 2 and 2× 2, we use the Eichler–Selberg trace formula for
Γ0(2) and Γ0(4) by [KP18]. For G = 3, we use the Eichler–Selberg trace formula for Γ0(3) which is studied by
[Len11]. For G = 4, we give a guess for R = 1.
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Let Nn(a) be the number of isomorphism classes of elliptic curves over Fp such that E(Fp) ≥ Z/nZ and
ap(E) = a, weighted by 2/|AutFp(E)|. Similarly we also define Nn×n(a) as the weighted number of isomorphism
of elliptic curves over Fp such that E(Fp)[n] ∼= Z/nZ×Z/nZ and ap(E) = a. We note that the result of [Sch87] is
for the unweighted number of isomorphism classes, and that of [KP18] is for the number of isomorphism classes
weighted by 1/|AutFp(E)|.
We interpret [Sch87, Theorem 4.6, 4.9] in our setting as follows:
Proposition 4.1. For a prime p ≥ 5, an a in the Weil bound, and a positive integer n ≥ 2,
Nn(a) =
{
H(a2 − 4p) if a ≡ p+ 1 (mod n),
0 otherwise,
and
Nn×n(a) =
{
H
(
a2−4p
n2
)
if p ≡ 1 (mod n) and a ≡ p+ 1 (mod n2),
0 otherwise.
For simplicity, we write
Gk(a, p) :=
αk−1 − αk−1
α− α ,
where α is a root of x2 − ax+ p and
cR,j :=
(
2R
j
)
−
(
2R
j − 1
)
.
Note that authors of [KP18] use aR,j instead of cR,j . Then, we have
Lemma 4.2 ([KP18, Lemma 11]). We have
a2R =
R∑
j=0
cR,jp
jG2R−2j+2(a, p).
For a prime power q, we define S∗n,R(q) and S
∗
n×n,R(q) by
S∗n,R(q) :=
∑
E/Fq
|E(Fq)[n]|>0
aq(E)
2R
|AutFq (E)|
, S∗n×n,R(q) :=
∑
E/Fq
|E(Fq)[n]|=n2
aq(E)
2R
|AutFq(E)|
.
Here the sum is taken over the isomorphism classes of elliptic curves. For each G, (9) will be written by a linear
combination of S∗n,R(q) and S
∗
n×n,R(q) which can be computed by the Eichler–Selberg trace formula.
4.1.1. Case of G = 2, 2× 2. In this case we follows [KP18]. Let q = pv, and let TrΓ0(N),k(Tq) be the trace of the
Hecke operator Tq on the space of cusp forms Sk(Γ0(N)) of weight k for the congruence group Γ0(N). We also
define
τ(q, k) :=
k − 1
12
q
k
2
−11v≡0(2) +
1
3
TrΓ0(4),k(Tq)− TrΓ0(2),k(Tq)−
1
2
∑
0≤i≤v
min(pi, pv−i)k−1 +
2
3
σ1(q)1k=2,
where 1• is a characteristic function and σ1(n) is the sum of the divisors of n. We also define
τ(1, k) :=
ik−2
4
and τ(p−1, k) := 0.
Also,
φ(q, k) := −1
6
TrΓ0(4),k(Tq) +
k − 1
12
q
k
2
−11v≡0(2) −
1
4
∑
0≤i≤v
min(pi, pv−i)k−1 +
1
6
σ1(q)1k=2,
and
φ(1, k) := 0, and φ(p−1, k) := 0.
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Theorem 4.3 ([KP18, Theorem 8, 9]). For an odd prime p and q = pv,
S∗2,R(q) =
R∑
j=0
cR,jq
j
(
τ(q, 2R − 2k + 2)− p2R−2j+1τ( q
p2
, 2R − 2j + 2)
)
+
p− 1
12
(4q)R1v≡0(2),
and
S∗2×2,R(q) =
R∑
j=0
cR,jq
j
(
φ(q, 2R − 2j + 2)− p2R−2j+1φ( q
p2
, 2R − 2j + 2)
)
+
p− 1
12
(4q)R1v≡0(2).
We note that S∗2,0(p) = (2p−1)/3, S∗2,1(p) = (2p2−p−3)/3 and S∗2×2,0(p) = (p−2)/6, S∗2×2,1(p) = (p2−2p−3)/6.
Corollary 4.4. For an integer R ≥ 0,∑
|a|≤2√p
a2RH2(a, p) = (p− 1)
(
S∗2,R(p) + 2S
∗
2×2,R(p)
)
.
In particular, for R = 0 and 1,∑
|a|≤2√p
H2(a, p) = (p − 1)2,
∑
|a|≤2√p
a2H2(a, p) = (p − 1)(p2 − 1).
Proof. For an elliptic curve E/Fp, the number of (a, b) ∈ F2p such that 4a3 + 27b2 6= 0 and Ea,b is isomorphic to
E/Fp is (p − 1)/|Aut(E)|. Therefore,
(p− 1)
∑
E/Fp
|E(Fp)[2]|>0
ap(E)
2R
|AutFp(E)|
+ 2(p − 1)
∑
E/Fp
|E(Fp)[2]|=4
ap(E)
2R
|AutFp(E)|
=
∑
4A
3
+27B
2 6≡0
ap(EA,B)
2RW2,(A,B),
where the equality is justified by the fact that W2,(A,B) is 1 if EA,B has only one torsion point of order 2, and 3
if EA,B has three torsion points of order 2. Hence∑
|a|≤2√p
a2RH2(a, p) =
∑
|a|≤2√p
∑
ap(EA,B)=a
ap(EA,B)
2RW2,(A,B) = (p − 1)(S∗2,R(p) + 2S∗2×2,R(p)).

Corollary 4.5. For p ≥ 5 and an even integer a in the Weil bound,
H2(a, p) =
p− 1
2
H(a2 − 4p) +
2H
(
a2−4p
4
)
if a ≡ p+ 1 mod 4,
0 otherwise.
 .
Consequently, we have for every integer R ≥ 0∑
|a|≤2√p
a2R+1H2(a, p) = 0.
Proof. We note that H2(a, p) = 0 when a is odd. Since
H2(a, p) =
p− 1
2
(N2(a) + 2N2×2(a)) ,
by [KP18, Theorem 3, Lemma 1], the claim follows by Lemma 4.1. 
To deal with the case of G = 2× 2, we need
Lemma 4.6. Let I = (A,B) ∈ (Z/pZ)2. Then
W2×2,I =
{
6 if |E(A,B)(Fp)[2]| = 4,
0 otherwise.
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Proof. If E(A,B) has the full 2-torsions, then the following system of equations is consistent
b3 +Ab−B ≡ 0, a2 ≡ −4A− 3b2 (mod p).
If the first equation has only one zero b, then the elliptic curve |E(A,B)(Fp)[2]| = 2. Hence the first equation
has three zeros and each b determines two a’s in the second equation. Note that −4A− 3b2 ≡ 0 (mod p) can’t
happen. Here is an elementary justification. Let γ1, γ2, γ3 be the three distinct Fp-zeros of x
3 + Ax − B ≡ 0
(mod p), and assume that 3γ21 ≡ −4A. Then we have the system of equations:
γ21 + γ1γ2 + γ
2
2 ≡ −A,
−γ1γ2(γ1 + γ2) ≡ B,
3γ21 ≡ −4A.
If γ1 ≡ 0, then A is also zero then 0 is not a solution of x3 + Ax− B ≡ 0. Hence, we can assume that γ1 and
A are both non-zero, and from the equations we have ≡ A + 3B/γ1 ≡ 0 ( mod p). If B ≡ 0, then it implies A
is also zero. Hence, we have B 6≡ 0 and γ1 ≡ −3B/A. Since 3γ21 ≡ −4A, we have 27B
2 ≡ −4A3, which means
EA,B is not an elliptic curve. 
By Lemma 4.6, we have
Corollary 4.7.
H2×2(a, p) =
3(p− 1)H
(
a2−4p
4
)
if a ≡ p+ 1 mod 4,
0 otherwise.
and for every integer R ≥ 0 ∑
|a|≤2√p
a2R+1H2×2(a, p) = 0.
For every integer R ≥ 0, ∑
|a|≤2√p
a2RH2×2(a, p) = 6(p − 1) · S∗2×2,R(p).
In particular, for R = 0 and 1,∑
|a|≤2√p
H2×2(a, p) = (p − 1)(p − 2),
∑
|a|≤2√p
a2H2×2(a, p) = (p − 3)(p2 − 1).
4.1.2. Case of G = 3. By [Len11, (2.7)] for l = 3,
Trk(Γ0(3), p) =−
∑
0<a<2
√
p
Gk(a, p)H(a
2 − 4p)
(
1 +
(
a2 − 4p
3
))
− 3
∑
0<a<2
√
p
Gk(a, p)H
(
a2 − 4p
9
)
−
(
2 +
1
2
(−p)k2−1
(
1 +
(−p
3
))
H(−4p)
)
+ (p+ 1)1k=2.
For p ≡ 1 (mod 3), it becomes
Trk(Γ0(3), p) = −
∑
0<|a|<2√p
Gk(a, p)(N3(a) + 3N3×3(a)) + (p+ 1)1k=2 − 2.
For p ≡ 2 (mod 3), by [Len11, (3.11)],
Trk(Γ0(3), p) = −
∑
|a|<2√p
Gk(a, p)N3(a) + (p+ 1)1k=2 − 2.
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Since N3,3(a) = 0 for p ≡ 2 (mod 3), for any p ≥ 5,∑
0<|a|<2√p
Gk(a, p)(N3(a) + 3N3×3(a)) = −Trk(Γ0(3), p) + (p+ 1)1k=2 − 2.
With Lemma 4.2, we have
Lemma 4.8. For a prime p,∑
|a|<2√p
a2R(N3(a) + 3N3×3(a)) =
R∑
j=0
cR,jp
j (−Tr2R−2j+2(Γ0(3), p) + (p+ 1)12R−2j+2=2 − 2) .
Corollary 4.9. For a ≡ p+ 1 (mod 3)
H3(a, p) = (p − 1)
H(a2 − 4p) +
3H
(
a2−4p
9
)
if p ≡ 1 (mod 3) and a ≡ p+ 1 (mod 9)
0 otherwise.
 ,
and zero when a 6≡ p+ 1 (mod 3). For an integer R ≥ 0,∑
|a|≤2√p
a2RH3(a, p) = (p − 1)
(
2S∗3,R(p) + 6S
∗
3×3,R(p)
)
.
In particular, for R = 0 and 1,∑
|a|≤2√p
H3(a, p) = (p − 1)2,
∑
|a|≤2√p
a2H3(a, p) = (p
2 − 1)(p − 2).
Corollary 4.10. Let p ≡ 2 (mod 3). Then for every integer R ≥ 0,∑
|a|<2√p
a2R+1H3(a, p) = 0.
Let p ≡ 1 (mod 3). Then for every integer R ≥ 0, it is expected that∑
|a|<2√p
a2R+1H3(a, p) = OR(p
R+2.5).(10)
4.1.3. Case of G = 4. For G = 4, H4(a, p) is no longer a linear combination of two Hurwitz class numbers. We
write down what we have for the future reference.
H4(a, p) =
∑
ap(EA,B)=a
W4,(A,B)
=
∑
ap(EA,B)=a
|EA,B(Fp)[4]|=4
2 +
∑
ap(EA,B)=a
|EA,B(Fp)[4]|=8
4 +
∑
ap(EA,B)=a
|EA,B(Fp)[4]|=16
12
=
∑
ap(E)=a
|E(Fp)[4]|=4
2(p − 1)
|AutFp(E)|
+
∑
ap(E)=a
|E(Fp)[4]|=8
4(p− 1)
|AutFp(E)|
+
∑
ap(E)=a
|E(Fp)[4]|=16
12(p − 1)
|AutFp(E)|
= (p − 1)N4(a) + 5(p− 1)N4×4(a) +
∑
ap(E)=a
|E(Fp)[4]|=8
2(p − 1)
|AutFp(E)|
= (p − 1)H(a2 − 4p) + 4(p − 1)H
(
a2 − 4p
16
)
+
∑
ap(E)=a
|E(Fp)[4]|=8
2(p − 1)
|AutFp(E)|
,
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where the summations in the third equality are over isomorphism classes. On the other hand,∑
|a|≤2√p
H4(a, p) =
∑
|a|≤2√p
∑
ap(EA,B)=a
W4,(A,B) = (p− 1)(p − 2)
by Proposition 2.7. For the second H4-weighted moment of a’s, it is expected to be∑
|a|≤2√p
a2H4(a, p) = (p
2 − 1)(p − 3).
This guess is made by the Eichler–Selberg trace formula for Γ0(4) and is numerically checked for small primes
p.
4.2. Frobenius trace formula for elliptic curves with torsion points. In this section we assume that
G = Z/2Z or Z/2Z×Z/2Z. For G = Z/3Z, (10) is the major obstruction for the trace formula. For G = Z/4Z,
we haven’t established the second moment and we are expected to have an analogue of (10).
Theorem 4.11. [Frobenius Trace Formula for Elliptic Curves] Let G = Z/2Z or Z/2Z × Z/2Z, k be a fixed
positive integer. Let pi be distinct primes ≥ 5 such that
∏k
i=1 pi = O(X
aG−ǫ) for a fixed positive ǫ > 0 and
aG =
1
6 and
1
12 for G = Z/2Z and Z/2Z × Z/2Z respectively. Assume ei = 1 or 2, and ri is odd or 2 if ei = 1,
ri = 1 if ei = 2 for i = 1, . . . , k. Then,∑
E∈EG(X)
âE(p
e1
1 )
r1 âE(p
e2
2 )
r2 · · · âE(pekk )rk = c|EG(X)|+Ok
((
k∑
i=1
1
pi
)
X
1
dG
)
+

Ok
((∏k
i=1 pi
)
X
1
eG
)
for G = Z/2Z,
Ok
((∏k
i=1 pi
)2
X
1
eG
+ǫ
)
for G = Z/2Z × Z/2Z
where
c =

0 if ej = 1 and rj is odd for some j,
−1 if rj = 2 for all j with ej = 1, and the sum of rj ’s with ej = 2 is odd,
1 otherwise.
and r is either the smallest odd integer ri or 0 if there is no odd ri, and the last error term exists only if ei = 1
and ri = 2 or ei = 2 for all i.
We give a proof of Theorem 4.11 for one prime and two primes and for G = Z/2Z.
First, we consider∑
E∈EG(X)
âE(p)
r =
∑
|a|≤2√p
∑
E∈EG(X)
ap(E)=a
âE(p)
r +
∑
E∈EG(X)
E mult red at p
âE(p)
r +
∑
E∈EG(X)
E addi red at p
âE(p)
r
for an odd r. By Theorem 3.4 for |a| ≤ 2√p, there are
cG
ζ( 12dG )
HG(a, p)
p2
p
12
dG
p
12
dG − 1
X
1
dG +O
(
HG(a, p)
X
1
eG
p
)
elliptic curves in EG(X) with âE(p) = a/√p. Since
∑
|a|≤2√p a
rHG(a, p) = 0, only the contribution from the
error term survives and it is at most O(pX
1
eG ).
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If an elliptic curve E has additive reduction at a prime p, then âE(p) = 0. So there is no contribution from
the additive reduction case. If E has split (resp. non-split) multiplicative reduction, then âE(p) = 1/
√
p (resp.
âE(p) = −1/√p). By Theorem 3.4, their contribution is at most O
(
1
pr/2
X
1
eG
)
. Hence, we have∑
E∈EG(X)
âE(p)
r = O
(
pX
1
eG
)
.
The next case is ∑
E∈EG(X)
âE(p)
2.
From the identity
∑
|a|≤2√p a
2HG(a, p) = p
3 +OG(p
2), the contribution for good reductions at p is∑
|a|≤2√p
∑
E∈EG(X)
aE(p)=a
âE(p)
2 =
(
1 +O
(
1
p
))
cG
ζ(12/dG)
X
1
dG +O
(
pX
1
eG
)
,
and the contribution from the multiplicative reduction is at most O
(
1
p2
X
1
dG
)
. Hence we have
∑
E∈EG(X)
âE(p)
2 =
cG
ζ(12/dG)
X
1
dG +O
(
X
1
dG
p
+ pX
1
eG
)
.
The last case for a single prime p is ∑
E∈EG(X)
âE(p
2).
Note that âE(p
2) = âE(p)
2−2 when E has good reduction at p, and âE(p2) = âE(p)2 when E has bad reduction
at p. Then, from the computation for the previous case, we can see easily that
∑
E∈EG(X)
âE(p
2) = − cG
ζ(12/dG)
X
1
dG +O
(
X
1
dG
p
+ pX
1
eG
)
,
which is exactly the trace formula for one prime in Theorem 4.11.
Now, we consider the trace formula for two primes∑
E∈EG(X)
âE(p
e1
1 )
r1 âE(p
e2
2 )
r2 .
Assume that e1 = 1 and r1 is odd. Fix a local condition for the second prime p2. We vary the local
conditions for the first prime p1, and we sum up this term over all local conditions for p2. Then, the error term
O((p1p2)X
1
eG ) follows.
Now, we need to deal with the cases ei = 1 and ri = 2 or ei = 2 and ri = 1 for i = 1, 2. First, we consider the
cases LCp1 = a1, and LCp2 = a2 for |a1| ≤ 2
√
p1, |a2| ≤ 2√p2. Their contribution is, for example r1 = r2 = 2, 2∏
i=1
p
12
dG
i
p3i (p
12
dG
i − 1)
 cG
ζ(12/dG)
X
1
dG ·
∑
|a1|≤2√p1,|a2|≤2√p2
a21HG(a1, p1)a
2
2HG(a2, p2)
+O
 ∑
|a1|≤2√p1,|a2|≤2√p2
a21HG(a1, p2)a
2
2HG(a2, p2)
p21p
2
2
X
1
eG
 ,
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which is, by the identity
∑
|a|≤2√p a
2HG(a, p) = p
3 +OG(p
2),
cG
ζ(12/dG)
X
1
dG +O
((
1
p1
+
1
p2
)
X
1
dG + (p1p2)X
1
eG
)
.
Since the case that p1 or p2 has multiplicative reduction, using the trivial bound for âE(p
e1
1 )
r1 âE(p
e2
2 )
r2 , gives
O
((
1
p2
1
+ 1
p2
2
)
X
1
dG
)
, we verify the trace formula for r1 = r2 = 2 case. The other three cases can be handled
similarly and we have∑
E∈EG(X)
âE(p
e1
1 )
r1 âE(p
e2
2 )
r2 = (−1)r1+r2 cG
ζ(12/dG)
X
1
dG +O
((
1
p1
+
1
p2
)
X
1
dG + (p1p2)X
1
eG
)
.
For a general k primes, we can prove the trace formula in the same way. Also, the change of the error term
for G = Z/2Z× Z/2Z is easily verified.
4.3. The distribution of analytic ranks of elliptic curves. From now on, assume that every elliptic L-
function satisfies Generalized Riemann Hypothesis. Let γE denote the imaginary part of a non-trivial zero of
L(s,E). We index them using the natural order in real numbers:
· · · γE,−3 ≤ γE,−2 ≤ γE,−1 ≤ γE,0 ≤ γE,1 ≤ γE,2 ≤ γE,3 · · ·
if analytic rank rE is odd,
· · · γE,−3 ≤ γE,−2 ≤ γE,−1 ≤ 0 ≤ γE,1 ≤ γE,2 ≤ γE,3 · · ·
otherwise.
In this section, we also assume that G = Z/2Z or Z/2Z×Z/2Z. For elliptic curves in EG, we obtain an upper
bound on every n-th moment of analytic ranks, and obtain a bound on the proportion of elliptic curves with
analytic rank rE ≥ 3n(1 + C)/
(
1
dG
− 1eG
)
for a positive constant C and a positive integer n. For this purpose,
we compute an n-level density with multiplicity. See [Mil, Part VI].
For we take σn =
1
9n and
1
15n for G = Z/2Z and Z/2Z × Z/2Z respectively. We choose the following test
function.
φ̂n(u) =
1
2
(
1
2
σn − 1
2
|u|
)
for |u| ≤ σn, and φn(x) =
sin2(2π 12σnx)
(2πx)2
.
Note that φn(0) =
σ2n
4 and φ̂n(0) =
σn
4 . Then, easily we can check∫
R
|u|φ̂n(u)2du = 1
6
φn(0)
2.(11)
The n-level density with multiplicity is
D∗n(EG,Φ) =
1
|EG(X)|
∑
E∈EG(X)
∑
j1,j2,...,jn
φn
(
γE,j1
logX
2π
)
φn
(
γE,j2
logX
2π
)
· · ·φn
(
γE,jn
logX
2π
)
,
where γE,jk is an imaginary part of jk-th zero of L(s,E). Then, trivially we have
1
|EG(X)|
∑
E∈EG(X)
rnE ≤
1
φn(0)n
D∗n(EG,Φ).(12)
26 PETER CHO AND KEUNYOUNG JEONG
By the same argument in [CJ, §4], we have
D∗n(EG,Φ) ≤
1
|EG(X)|
∑
S
φ̂n(0)
|Sc|
(
− 2
logX
)|S|
×
∑
mi1 ,mi2 ,...,mik
Λ(mi1)Λ(mi2) · · ·Λ(mik)√
mi1mi2 · · ·mik
φ̂n
(
logmi1
logX
)
· · · φ̂n
(
logmik
logX
)
×
∑
E∈EG(X)
âE(mi1)âE(mi2) · · · âE(mik) +O
(
1
logX
)
,
where mi’s are primes or squares of a prime with mi ≤ Xσn and S = {ii, i2, . . . , ik} runs over every subset of
{1, 2, 3, · · · , n}. Using the Frobenius trace formula (Theorem 4.11), we can prove the following propositions as
we did in [CJ, Proposition 4.1, 4.2].
Proposition 4.12. Let φ̂ be as above with σn =
1
9n and
1
15n for G = Z/2Z and Z/2Z×Z/2Z respectively. Then,
we have ∑
E∈EG(X)
∑
mi1mi2 ...mik 6=
Λ(mi1) · · ·Λ(mik)âE(mi1) · · · âE(mik)√
mi1mi2 · · ·mik
φ̂n
(
logmi1
logX
)
· · · φ̂n
(
logmik
logX
)
≪ |EG(X)|.
Proposition 4.13. Let φ̂ be as above with σn =
1
9n and
1
15n for G = Z/2Z and Z/2Z × Z/2Z respectively. For
a subset S = {i1, i2, . . . , ik} of {1, 2, . . . , n},
1
|EG(X)|
( −2
logX
)|S| ∑
E∈EG(X)
∑
mi1mi2 ...mik=
 |S|∏
j=1
Λ(mij )âE(mij )√
mij
φ̂n
(
logmij
logX
)
=
∑
S2⊂S
|S2|even
(
1
2
φn(0)
)|Sc
2
|
|S2|!
(∫
R
|u|φ̂n(u)2du
) |S2|
2
+O
(
1
logX
)
.
By Propositions 4.12 and 4.13, and (11) we have the following inequality
D∗n(EG,Φ) ≤ φn(0)n
∑
S
(
1
σn
)|Sc| ∑
S2⊂S
|S2|even
(
1
2
)|Sc
2
|
|S2|!
(
1
6
)|S2|/2
+O
(
1
logX
)
,
and, by (12), we have
Theorem 4.14. Assume GRH for elliptic L-functions. Let rE be the analytic rank of an elliptic curve E. For
every positive integer n, we have
lim sup
X→∞
1
|EG(X)|
∑
E∈EG(X)
rnE ≤
∑
S
(
1
σn
)|Sc| ∑
S2⊂S
|S2|even
(
1
2
)|Sc
2
|
|S2|!
(
1
6
)|S2|/2
,
where S runs over subsets of {1, 2, 3, . . . , n}, and S2 runs over subsets of even cardinality of the set S. In
particular, the average analytic ranks of EZ/2Z is bounded by 9.5 and the average analytic ranks of EZ/2Z×Z/2Z is
bounded by 15.5.
Now, we show the sparsity of elliptic curves in EG with high analytic ranks. We choose the test function
φ2n(x). Then φ̂2n(0) =
1
4σ2n, and φ2n(0) =
1
4σ
2
2n.
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By Weil’s explicit formula, we have
rEφ2n(0) ≤ φ̂2n(0)− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
)
+O
(
1
logX
)
,
hence
rE ≤ 1
σ2n
+
4
σ22n
(
− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
))
+O
(
1
σ22n logX
)
.
Now assume that rE ≥ 1+Cσ2n with some positive constant C. Then, for sufficiently large X,
− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
)
≥ Cσ2n
4
.
Therefore,∣∣∣∣{E ∈ EG(X)|rE ≥ 1 + Cσ2n }
∣∣∣∣ (Cσ2n4
)2n
≤
∑
E∈EG(X)
(
− 2
logX
∑
mi
âE(mi)Λ(mi)√
mi
φ̂2n
(
logmi
logX
))2n
≤
(
σ22n
4
)2n ∑
S2⊂{1,2,3,...,2n}
(
1
2
)|Sc
2
|
|S2|!
(
1
6
)|S2|/2
|EG(X)| +O
(
X
1
dG
logX
)
,
where the second inequality is justified by Propositions 4.12, 4.13, and finally we obtain
Theorem 4.15. Assume GRH for elliptic L-functions. Let C be a positive constant, let n a positive integer.
We have
P
(
rE ≥ (1 + C)
σ2n
)
≤
∑n
k=0
(2n
2k
) (
1
2
)2n−2k
(2k)!
(
1
6
)k(
C
σ2n
)2n ,
where σ2n =
1
18n and
1
30n for G = Z/2Z and G = Z/2Z× Z/2Z respectively.
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